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In this note, we prove the following result.

Theorem 1. Given a log-local Hamiltonian H = Z;:1 H; acting on n qubits, where r = poly(n), each H,
acts on at most O(log(n)) qubits and || H;|| < poly(n). Suppose further that the condition number xk(H) is
at most poly(n). Then, estimating the average log-determinant of H

1
on log det(H)
to accuracy 1/ poly(n) is DQC1-hard.

Notations. We use I,, to denote the identity matrix of dimension 2". We use |z)(i|, for i € {0,1} to denote
the projection onto the space that the first qubit is in |).

Perturbation theory. A Hermitian matrix H admits a spectral decomposition

K
H ="M\l
k=1

where Ay is an eigenvalue and Il is the orthogonal projection onto the corresponding eigenspace. Suppose
that an eigenvalue Ay is separated from the other eigenvalues with a gap of §. For any Hermitian matrix
perturbation E added to H, with |[|[E|| < §/2, the eigenvalues of H in the Ag-group are perturbed to new
eigenvalues which are O(||E||?/62)-close to the eigenvalues of

This statement can be made more rigorous using matrix analysis techniques (see Theorem 2.8 in Chapter V
of Stewart and Sun [3]).

Definition 1 (DQC1). A language L is in DQCL if and only if, for any r-bit string x, there exists a
polynomial-time generated quantum circuit U, acting on q(r) = poly(r) qubits such that for some specified
polynomial p(r),

]I r)—1 1 1 .
prves = tr [Uz<|o><o ® satror) VAN ® ﬂqm_n] 254y Heel
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We show that approximating the normalized log-determinant is DQC1-hard, following the Hamiltonian
construction in Branddo [1]. The average of the lowest 2V ~! eigenvalues of Hpqci1 matches the rejection
probability of the DQC1 circuit output. Brandao [1], Edenhofer et al. [2] used this construction to prove
the DQC1-hardness of estimating other spectral sums tr[f(H)]. Their strategy involved engineering the
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Hamiltonian such that its remaining eigenvalues \; are located where f();) is negligible. This ensures the
sum over the 2V~1 eigenvalues of interest dominates the spectral sum. This strategy does not work for
f(x) = log(z) by direct application.

Instead of eliminating the contribution of the remaining eigenvalues, we use a more detailed perturbation
analysis to approximate the contribution of these unwanted eigenvalues. We then subtract this contribution
from the total spectral sum, thereby isolating the contribution of the 2V ! eigenvalues of interest.

Proof of Theorem 1. We follow Kitaev’s construction to encode the quantum circuit U, into a local Hamil-
tonian. By the definition of DQC1, for any r-bit string z, there exists a quantum circuit U, = Ur...U;
composed of T' = poly(r) gates acting on N = poly(r) qubits such that U, satisfies Eq. (1). We encode U,
into the following Hamiltonian acting on n = N + log(T + 1) qubits

HDQCI = Hout + JinHin + JprOPHPTOP
where
Hou = (T'+ 1)[0)(0}, ® |T)(T|, Hin = [1){1]1 ®]0){0],
and

T
Hpop = Y IN® [t = 1)t = 1| = Uy @ [t)(t = 1| = U] ® [t = 1)(t] + Iy @ [t) (¢,

t=1

Hpqca is O(log(n))-local and satisfies the conditions in the theorem statement [1]. Operator Hpop can be
similarity transformed to

Hprop = W(I[N ® R) wt,

where

~

T

W= Ui, R=3 (It —1)(t—1]— [0t — 1] — [t — 1){t] + [£)(t]).

t=0 t=1

The operator R admits spectral decomposition R = EZ:O /\kvkv}; with eigenvalues

wk

Ak = 4sin2 (m

), k=0,....T,

which are also eigenvalues of Hy,op, each with degeneracy 2V, Let S be the eigenspace of H prop correspond-
ing to the eigenvalue Ay and II; be the projection onto S. The eigenvectors of R is

T
2_6k0 wk . 1 .
Y cos - —0,....T.
T+1j_0C°b[T+1(9+2ﬂ’ J=00y

The k-th eigenspace of Hpop, Sk, is spanned by

2 — 0ro w k 1 ‘
o) = 4/ Zy D cos [T+1(t+§>]Ut...U1\z>®|t> 2)
t=0

fori =0,...,2¥—1. The minimum gap between two different eigenvalues of Jprop Hprop 18 A1 = Q(JpropT ~2).
Suppose that Jin = Q(T") and Jprop = Q(JinT?). Regarding Hoys + JinHin as a perturbation to JpropHprops
by the eigenvalue perturbation theory, the eigenvalues of Hpqci = Hout + JinHin + JpropHprop are

[ Hout + JinHin||* /A1 = O(JHT? / Tprop)
close to the eigenvalues of

JpropAk + Ui (Hout + JinHin) I, k=0,...,T.



Note that

Hk(Hout + JinHin)Hk

= (3 towaonal) (@ 4+ 1) 100, @ ITXT] -+ 1501, @ 10§01 ) (3 foe o]
i=0 1=0
_ 2N 1 FRy -
_ 2T f;;o > okiXon, - ((T+1)<i|cos [%]U; |00, Uz ) + cos [Q(Tiil)} Jin<i||1>(1|1|j>)
i,j=0

1

= (2 - 6r0) 221 ok i)we | ((=1)" cos {%} (iU 10XOl, Uslj) + cos {Téj—kl}

Jin
T+1

Gl 1)1, 13))-

i,5=0
For k£ > 1, the eigenvalues of JpropHprop in Sy is perturbed to

Torop A -+ o(%) + o(‘(]]ET:)

For k = 0, operator IIyJi, HiyIlp has two dimension-2V~! degenerate eigenspace with eigenvalue 0 and
Jin/(T 4 1). Regarding g H,uI1g as a perturbation to IyJi, HinIlp, by the eigenvalue perturbation theory,
the 2V~1 0-eigenvalues are perturbed to the eigenvalues of

0401, U 10401, U2 001, + O ().

and the 2V~ J,, /(T + 1)-eigenvalues are perturbed to

Jin
T+1

+0(1).

Suppose Jprop = Q(J3T). Taking the first perturbation into account, the eigenvalues of Hpqci consist of

1. 2V=1 eigenvalues of

|0)X0], U} [0)01, U [0)0], + O(%) + O(ﬁfj) = 10)01, U 10)0l, Uz [0Y0], + O(TZ)'
2. 2NV-1 cigenvalues 9 2
T"rl +0(1) + o(ﬁi )= T‘Irl +0(1).
3. T2V eigenvalues 7 272 J

fork=1,...,T.

Note that the average of the eigenvalues of [0)(0|, U] [0)0], U, [0X0], is

Iy—
Sw=n UL @ Ty-)| =1 = v,

= 00 U2 0401, U 10401 = 1~ e[ (o¥0]



For n = O(Jin/T), the average log-determant of nl,, + Hpqc1 is

ﬁ(logdet {nﬂN_l 1 [0Y0], U [0)0], U [0)(0), + o(JT)] P2V g 4+ 2+ o()
+ ZTIZN log (1 + Jprop A + 0(‘]}“)))
k=1

= e (O (st + I 0 5) +o(5 1)) 2 (1w (v 77) +0( 7))

T JinT
_|_ZZN(10g (77+Jpr0p)‘k>+0( )))
k=1

JPFOP

T

1 1 — pygs Jin 1 1 JinT
L o+ I () 03 g (14 ) 4 O+ L)
2(T+1)(Og(n)Jr n s\t )t ;Og 1 Jprop A ) ) (Tn2+Ji T e

where the first equation follows from log(z + ) = log(x) + 6/z + O(8%/2?) and A\, = Q(T2). For any
polynomial p(n), take

n= @(p(n)), Jin = Q(Tp2(n)), Jprop = Q(T4p6(”))a

and then all previous assumptions Ji, = Q(T), Jprop = QU JinT?), 1 = O(Jin/T), Jprop = Q(J2T) are true
and the average log-determant of nl,, + Hpqca is O(1/(Tnp(n)) close to

T
1 1 — pves Jin
| 71( )QI(JrO)\))
2(T+1)(0g(77)+ y tles(nt )+ kz_l 0g (7 + Jprop A
Except for pygs, other terms can be computed efficiently. Thus, if we can estimate log det(nL,, + Hpgci)/2"
to accuracy O(T~'p~2(n)), then we can obtain an O(1/p(n))-approximation of yygs. O
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