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EFHFHRETH (Gilyén, Su, Low, Wiebe STOC 2019)
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flz) = e Mz Fob FARALM
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Bz N\ (block-encoding)
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Bz N\ (block-encoding)

FTaBe U= *) , #A A sgdi N (block-encoding)., E—3HEH T A&
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R EH X
o A tEay (it a = s||Allmax)
o A RFEIEESA POVM HF (Xnt o= 1)
o A Btk QRAM H gz (iXat a = ||A| F)
HZIFER TR EDBIEEN, WAL SAXTRALE “SHHE” f(A/a)b
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% A R—ANEKERE, FHEENEN A= UDUT. i& f(2) BR—1NE D EHEX

HyEsy, M
f(4) = Uf(D)u*

Hip#E D =diag(A1,...,A), W f(D) =diag(f(A1),..-,f(An))

i
° % f=2aF M f(A)=AF
iF f=¢", M f(A)=e"
B f=1/z, M f(A)=A""

!Nicholas Higham, Functions of Matrices: Theory and Computations. SIAM: 2008
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EEFHASR, —AEFEEOIRE f(2) =, M)
f(A) = et
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BE AR, A <1, WHE ¢y) HEFEREHR
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f(z) = 1/z [Harrow, Hassidim, Lloyd 2008]
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[Ambainis 2010]
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TN (B ZEE (query complexity))
WA= (Az ])an E—Afﬁ )lLE’]F*%EB’-F— “n Eﬁ/l\ Oracle
G.) —f— »
) —— A
Heppi; B 178 ) MEETRNIMNE. TOEREEXAEIR f(A):; FiER
B O1, 02 HEDNHL
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BRE Al <1-0, XEB 6>0, IMER [2),[y), FEEBFEEIITE (2lf(4)]y) +e,
HEREN

O~ deg.(f))
Hep C = 3log(2deg.(f), KB s ARBE (BMET/SIEBTEML < s).
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& f(z): [-1,1] = [-1,1] BEEEE, 15 foaa(2), fven(z) BE. BEPS. N
° FEXMMH=XAME A HR Al < 1{EF f(A)1n=c, HHF
n = deg,(foad) + O(1)
o FEXMMHI=XI @K A HE Al <1 #ERF f(A)2n1=¢, HFP
n = deg, (foven) + O(1)

JERA é’?‘fi%ﬂi]&%ﬂ,&'} P] 2 + 1B % XFiE + =xrAEay . 0
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iR H) 2 AR (Parity problem): 4% x1,...,1, € {0,1}, HtH 21D - Dz, &
B/ FTHELFEAA O(n)

Mg FAREG:
° TR (i,t), £+ i€{0,1,....n},te{0,1}
o (i—1,t) Fo (i, t®x) XA HE—FiL

Bl de (21, 12,23, 74) = (0,1,1,0), N G A
(e—(e) ‘ | (e —()
(e)—() (e)—)
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0,1)-(1,1®x)— 21Dz Px)— - —(n, 1D DD xp1)

R AR AREEE (AT EARAZAT ARLERE), N
iR 1l FnDnd-- @z, =0, U (0,0[f(A)|n,1) =0

B2 X O nd D, =1, NHEDERESEWRE, 1£/F
(0,0[f(A)|n, 1) > e, M E LTI
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ZFHRBEINERETR

Forrelation #]#1 (Aaronson & Ambainis, 2015):

I g, 901 {0,137 — {£1}, 4 D; = diag(gi(z) : z € {0,1}"), H = L

S
—
[
—_
o

(8

®(g1,92) := (0"|H®"DiH®" Dy H®"|0™)
1 .
= 932 Z (=D)"f(x)g(y).
z,y€{0,1}"

BAr2itH (g1, 92) £1/3
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Forrelation #]#1 (Aaronson & Ambainis, 2015):

BT g1,92:{0,1}" — {£1}, & D; =diag(gi(z) : z € {0,1}"), H = % 1 11 o
53
®(g1,90) = (0"|H®"D;H®"Dy H®™|O™)
= o X U@,
z,y€{0,1}"

BiraitH @(q1,92) £1/3
Tz, 2RFFNELETRA QW2 n), EFHEMALELERA 0Q)
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Feynman Hj Clock #3Ji&i%

ZU=Un_g--UUy Z—ABHT, &

0 bUf
Uy 0 bUl
by Us
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Feynman B4 Clock #3i& %

ZU=Un_g--UUy Z—ABHT, &

0 bUf
Uy 0 bUl
by Uy

T |e) = |t) @ Ug--- U1|0), N
Aly) = b—1|e—1) + big1|Vit1)

R aF 20 {|v) :t=0,1,...,N—1} #, A F—A =31 A%
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ZFHRBEINERETR

{2 Forrelation FJ#2 %, U = H®"D H®"DyH®", AH#H 1% A s9thsite, M
H"=HRI® - NI®H® Q) (I®]® - ®H)

BRI R R HFE R — ML E SR ZE Based on joint works with Ashley Montanaro and Nikhil Mande

Lower bounds analysis for quantum linear algebras 19 / 37



{2 Forrelation FJ#2 %, U = H®"D H®"DyH®", AH#H 1% A s9thsite, M
H"=HRI® - NI®H® Q) (I®]® - ®H)
ikt N =3n+2,

lvo) = 10) ®|0)
[YN_1) IN — 1) @ H®"D; H®" D, H®™|0)
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f Forrelation B3 ¥, U= H®"DiH®"DyH®™, H#tk A ehhgibk

B N = 3n+2,
|vbo)

[YN-1)

2 lon-—1) =[N - 1) ®|0),
(dn-1lf(A

ARCHS

il

A
RNIRH® @I (I®I®- @ H)

|0) ®10)
IN — 1) ® H®" Dy H®" Dy H®™|0)

Wo) = (bn-1lf(A)[Yo) - (g1, g2)

RIS IR — AL E A28 = Based on joint works with Ashley Montanaro and Nikhil Mande

Lower bounds analysis for quantum linear algebras

19 / 37



{2 Forrelation FJ#2 %, U = H®"D H®"DyH®", AH#H 1% A s9thsite, M
H"=HRI® - NI®H® Q) (I®]® - ®H)
ikt N =3n+2,

o) = 10) ®10)
lYn-1) = |N—1)® H®"DiH*"D,H*"|0)
& lon—1) =N -1)®|0), N
(On-alf(Ao) = (Wn-a1lf(A)|vo) - 2(g1, g2)
\ X3 i
f(A) s9—Hhor= % Af
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F—RBSY LS

o T T4EME HF P, RATH

el B @ H ik
FEY 8D O(sd/<) O(s*1)
ARETH Q(d) Q((s/2)@-1/6)

o A TFig@itk d, IEMT BT A AN RLM
o I F4EME FHFA, LT T A0 IR0 EIE R ISR
* MAFE e BT RAET, Q(1/e)?

BRI S R R R — ML E SR Based on joint works with Ashley Montanaro and Nikhil Mande

Lower bounds analysis for quantum linear algebras 20 / 37



B{EEZE (communication complexity)

o WAL ARE, ARSGBAFERLLA, LAREL KT RENH @ .
o F]F: Alice B == (z1,...,2,) €{0,1}", Bob & y = (y1,...,yn) € {0,1}", A

*i%i_l—;@; f(x7 y)°
Inputs: z € {0,1}" y € {0,1}"
| !
Bob
communication
}
Output: f(z,y)
o SEAFTH A= T f(x,y) PriEidagrkds i,

RIS IR — ML E AL = Based on joint works with Ashley Montanaro and Nikhil Mande
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BEEHE

Fr Rt HARM (ALBP Alice 2% Bob A F it H a9 KM) Rt NiBIE L AT .

EETHRHT, LR EMYEL, IEEnRETRE (ETE), T84
KA Rug 2 2 Tredfag b A,

e

o)

5] (IEZZM4E[E]&A, Disjointness problem)
Alice B (21,..., %), Bob B (y1,...,9n), BERHAEREHFE (B u=vi=1.
281 vs BF = O(n) vs O(v/n)
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BIEE ZLE: multi-player case

Multi-player 15#5: % i € {1,...,s}, player P; H4EMF A; € R™X" foi 5 b; € R™,
A
A
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Coordinator model

182 # & coordinator C' ¥T 5 player P; &) 3R

1 Py P P,
C
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EIE (QSVT w.r.t. communication complexity)

In the quantum coordinator model, there is a quantum protocol for the referee to use

BRI R R R — ML E SRR ZE Based on joint works with Ashley Montanaro and Nikhil Mande
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MERAEji&: LCU 75 3% [El /5

R W Un,..., Us B REL a1, ... 0, BAREEI Y aUily).
o MitA, Aa=Y,a; fo V|0) = ﬁz;l Vauli). &

= vailii)

o ZIMER Y, )i ® U
1 o )
\/a;\/OTi|Z> Uil).
o fEH VL
1 S
azailm Uily) + | L).
7=1
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IE A fE IR

Ay

" Ai/ || Al = B
® P #ig U= , R A=

* *

Ag
® 718 LCU Fikk ik A 89 block-encoding, ALBFszaL >, ||A:lli) @ U,

= <Z| |®U> Ve hLel,)

o VI0) = & i (14l [4).
© QSVT 8y=-F W, 54 4o:

U= WoUW U WoUuws Ut W, U
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RLF: ZetEm)3iE (B f

REBLEMEE T ENETFRBESRER O(s'r), Hi v 25K A BIKEHH.
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L4 f'gr_"lﬂ E%“:E‘i (ﬁﬁhﬁiﬁ;‘fﬁ%) Ejﬁ""l—/’ f ﬁn"/l\ RGN © = (331, < $n)v
Bix2itE f(x). ﬁiii"\%‘-‘/x\ Oracle O: i — z;o FERIAM % Vi O,

o MBI AL Alice B z=(21,...,2), Bob & y=(y1,...,yn), BIFATH
f(x? y)O
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o B e (B RBFIGH): b2 A RBEf Fo— A RN = (21,...,2n),
BAr2tH f(z). B2 RHF—A Oracle O:i— x;. F2IBA % Yk O,
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£, L@ AELEAH C=T_2logn+4), TitE f.
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e Buhrman, Cleve, Wigderson [STOC '98]:
-8 g: {07 1}n — {0, 1}: * F%M/I\—:;L:‘é;a:‘ (@IJ&D D, /\)7 A f(%, y) = g(x* y)f’
ﬁﬂ%ﬁﬁ:"/l\{'v‘ﬁg—?f AT HETHETHH g, NAE—ANETRES
X, RARBEHREA C=T_2logn+4), TitH f,

o X —Z RN AREFH EmHy:
SR T EmAERRITE T RS E,
2 THETHREELERETETENLLEN TR,
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FIR Grover ik T135| —A& Tillfz 5 RAMELMEFA, LREA O(Vnlogn),
Tt F] O(y/n) [Aaronson, Ambainis FOCS '03].

IE S PG R AE SR LT R A Qy/n), BT (321 & PIAY &3 SR LT R A
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. Ay/ag
1% Alice #0 Bob 3 RIBE M A1, A> FIEEM U, = ( )

ES *
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Uy = ( /o2 ) E A= ( 1) € C™", MEE—NMEFRIEFEMLL Alice

* *
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# Bob {E B U = ( - HA—XNETFREEREA

O(log(mn)).
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K& Ax=0b. X TizFA, LENALETRA Qr), P & A
oy A3

# B E MR Alice B (21,...,2,), Bob & (y1,...,un), BAFZIE ZTHE 0
124F 2 =y = 1
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FIEE PR Alice A (21,...,2,), Bob A (Y1, yn), BARRALEEHE i
1245F 2=y =1,

1 7,:]. = ~ 7
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A
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Ty = 1 T, = 0, Yi = 1
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